DEPARTMENT OF MATHEMATICS

Math 3306
(Mathematical Logic)

4" Tutorial Problems

1. If we take ¥ to be —¢, then (¢ V) 1s a substitution instance of the tautology
(po V —po), and so certainly (¢ V ¢) is valid. But we can find ¢ such that neither
é nor —¢ are valid. For example, let ¢ be P(Cy), so 7¢ 1s ~P(Cy). Now ¢ 1s not
valid, for if we take any 2 = (4, R,..., a) where R(a) is false, then not(% = @) and
so ¢ is not valid. And if we take 2; = (A;, Ri,...,a1) where Ry(a;) is true, then
not(2, = ) and so ¥ is not valid. -

Take the ¢ and v as above, and let T be the empty collection. Then T+ (¢ V 9).
However, not(E  ¢) and not(E F ¢). For by the Soundness Theorem, HAEZ
and & F ¢ then 2 = ¢. So if we can find &% with 2 | L yet not(2A | ¢), then
not(X + ¢). But the A aboveis suitable. And similarly from 2, above, not(Z = ).

2. Take any % = (4,...) and any assignment a. let 7 be the given formula. Since
7 is an implication, to show Val(r,2,a) = T it suffices to suppose

Val((3viy == ¢),%,a) = T and show that Val(Vu;(y = ¢),d,a) = T. So
suppose Val((3v;¢p = ¢),%;a) =T, and for a contradiction suppose

Val(Vvi(¢ = ¢),%,a) = F. Now, by definition, Val(Vv;(¢ = ¢),%,a)=T
iff for all z € 4, Val((+ = ¢),%,a(ilz)) =T. So our assumption means there
is z € A with Val((v = ¢),%,a(i|z)) = F. So for this , Val(y, %, a(ijz)) =T
yet Val(é, ¥, a(ilz)) = F. Thus Val(Jv;y,%A,a) = T, yet Val(¢,U,a(ilz)) = F.
Now v; is not free in ¢, and a(i|z) agrees with a except on the value given to
v;, so Val(¢,2,a) = Val(¢,%,a(i|z)) = F. So we have Val(3viy,%,a) = T yet
Val(¢,2%,a) = F, and hence Val((3viy == ¢),%,a) = F, contadicting that
Val((Jviyp = ¢),%,a)=T.

3(a). {VoVw}F YwVvd - see Shéet 8, Q6(a). And note in this proof, Gen is used
only on v and w, neither of which are free in VoVwé. So, by the Deduction Theorem,
F (VoVYwe = YwVvé). '

3(b). S
(1) {¢ = Yoy}t (¢ = Voy)
(2) {¢ = Yoy} (Vo = ) by A2

(3) {¢ = Yoy}t ((¢ = Yv9) = (Vo¥p = ¢) = (¢ = ¥)))
by Al, tautology ((pg — Pl) TN ((p1 = p) =

(po = PZ)))
(4) {¢ = Yo} (¢ = 1) (1), (2), (3) by MP twice
(5) {¢ => Vvp}FVv(¢ = ) (4) by Gen

(6) F((¢ = YY) = Vv(¢ = ¥)) (5) by Deduction theorem, noting
we used Gen only on v and v is not free in (¢ == VYv).
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(c)

(1) {vo(¢ & ¥)} F Vo(¢ & ¥)

(2) {vo(p & )} F (Vo(d & ¥) = (8 & $)) by A2

(3) {Vo(¢ & ¥)}F (¢ & ¥) (1), (2) by MP

(4) {vv(¢ & %)} ((¢ & ¥) = ¢) by A1, tautology ((po & p1) = Do)
(5) {Vo(¢ &¥)}F ¢ (3), (4) by MP

(6) {vol# & ¥)} F Voo (5) by Gen

(7) {Vo(¢ & ¥)}F Yoy similarly

(8) {Vu(d & ¥)} F (Vv = (V¥ =7 (Voo & Vo))

by tautology (po = (p1 = (Po & p1))) _
(9) {vv(¢ & ¥)} (Voo & Vo) ) Egg,éﬂb(? bg Ml:htwme ing
10) F (Vv(¢ & = (Voo & Vv y Deduction theorem, notin
(0 7 e i we uE;ed Gen only on v, and v is not free in Yv(¢ & ¥).
4(1). |
(1) YF o given
(2) T+ Voo (1) by Gen
(3) TF (Fvo = ~Yv-o) by A4
(4) T+ (Voo = ((Bvo <= ~Yy-o) = —Elva)))
by tautology (po = ({1 <= —po) => ~P1)) .
(5) L+ ~Jve (2), (3), (4) by MP twice
(1) Tk ~3dve given

(2) TF (Jvo < ~Vvo) by A4
(3) T H(=3ve == ((Fve <= -Yv-o) = Yv-o))
by tautology (-po => ((p0 &= ~P1) =2 p1))

(4) TF Voo (1), (2), (3) by MP twice
(5) T+ (Yvoo = —~0) by A2

(6) X+ o ~ (4), (5) by MP.

4(ii)(a)-

(1) {~Fw3ve} —~JwIve

(2) {~3wIve}tF —~ve by (i), where o 18 Jveg

(3) {-Jw3vé}+ —¢ by (i) again

(4) {~Fw3vg}t ~Jwé by first part of (i)

(5) {~FwIvg}t+ ~Jviwé by (i), where o is Jwé

(6) {3v3wé}F Jwdve (5) by Contraposition — note in the proof |

(taking into account (i)) we shall have used Gen only on v and
w, neither of which are free in Jw3ve or Fviwe, so Contrapo-

sition does apply.



4(i1)(b) Put & = {Vv(¢ == ¥), -3Jvi}.

LFVYu(¢ = 9)

LH(¢p = ) (1), A2 and MP (see lecture notes)
F -duy _
T E -y (3), by-second part of 4(i)

TRy = (¢ = ¢¥) = -¢)) by A1, tautology
(-po = ((m = po) = —p1))

St g (2), (4), (5) by MP
L F~Jve , (6), by first part of 4(i)
{Vo(¢ = ), Jvg}t vy (7) by Contraposition

(Note in the above proof we would have used Gen on v, but v
is not free in Jv¢ or Jvi.)
{Vo(¢p = ¥)}F (Fvg = Fvy) (8) by Deduction theorem
(We have used Gen only on v, which is not free in Jv¢.)
F (Vo(¢ = ¥) = (Jvg = Fvy)) (9) by Deduction theorem
(Again, v is not free in Vo(¢ = ¥))



