I Suppose A k4. Then for any assignment afromA,val(¢, A a)=T. SrJ
leke any assignment 8" In particular, for every x € A, Val(s, A, a(llx)) =
as these g'(ilx) are among the assignments 8. Thus Val(v vid, A ga)=T

Since this is true for Ay e, wehave A v Vi$
Suppose Ak ¥ Vi $ sa for any assignment 8 from A, Val(v vie, Aa)=T
and so for all x e A, Val(¢, A, a(ilx)) = T. In particuler, teke x = 8; Then

8(ilx) = 8, 50 Val(e, A, 8) = T. Hence for all a, Val(s, A, 8)=T, and so we
have A k& 4.

206) (lpg=pp=py)= (Pg = (py = po))) is atautology of propositional
Calculus (check its truth table 1) and the formula is a substitulion instance
of this, with pg replaced by vvg Flvg, vg), py repleced by Yy Pylvy, vy),
and Py replaced by F'2(v2, vQ). Hence the formula is a group A1 axiom

(b} Not an axiom.

(c) Let ¢ be the formule F(vp. ¥g), and let t be the term Vo Then ¢(vyit)

is P(vo, vo), that is, just ¢ back agsin, and { is substitutable for Vo ing.

So the formula is (v Vo #=d(vnlt)) , where t is substitutable for Vo in ¢

Hence a group A2 axiom
(d) Not an axiom.

(e) Letqbe 3v, Plvy, vy) and let t be the term vy. Then certainly
#{vglt) i 3vy P(vy, v,), so the formula is of the form (v Vo = #(vglt)).
However t is 707 substitutable for Vo In¢, since the vy which replaces the
free vg is bound by the 3 vy quantifier Hence not an axiom.

(f) Let ¢ be Flcg, €y) and let y be F{cy, vy). The formula is then

(vvid=2y)2 @y vyy) end v, s not free in¢. Hence & group A3
axiom.

3(a) Take any A - <A, R, > end any assignment 8 from A. Since ¢ is an
tmplication (v v Plvy, v,) = P{vg. vo)). to show that Val(e, A, 8)=T, we

need only check the case where Val(y vy P(vo, VI)' A,0)=T ond show that
Vol(P(vo, Vo), A, 8) = T. So suppose that Val(y viPlvg, v, A9 =T

thus for all x e A, VaI(P(vO, vi), A, a(1Ix)) = T. Inparticuler, with x = 8.
Val(P(vg, vy, A, & 118g)) = T, ond thus R(ay, ag) holds (since

9_( llao) = <°O' 8¢. 85, . >). But this means that Val(P(vo, Vo). A 8) =T,
as required.



(b) TakeanyA = <A, R, .. ) and assignment & from A  Note that o(vplt) is
the implication (v v, P(t, vy) = P(t, 1)) so, 8s in (a) above, we suppose that
Vel(v vy P(t,v,), &, a) = T and 8im to show that Val(P(L, 1), A, a)=T.
Thus for all x e A, Val(P(t, vy), A a(1lx)) = T, that is, we have that
R(tlaC1tx)], v la(11x)]) is true. Now v (la(1lx)] = x

Also recall that t is substitutable for vy in¢. If v, occurred int,
then 1t (v|) would get "captured” when t was substituted for vo in the part
¥ vy Plvg, v{) " Hence v, does not occur in t. This means that the value
assigned to v, is not used in evaluating t{a(1lx)] or t[a}, and since a(llx)
end a agree excepl at v, , we have t{a(1lx)] = t{a]l. Thus for all x e A,

R(tla], x) is true. in particular, when x = t{a] € A, R(l[a], t[a]) is true.
But this means that val(P(t, 1), A, a)=T.
Thus Val(#(vyit), A, 8) =T, and so $(vplt) is velid.

(c) We need just one A =(A,R, .., f, . and one assignment a for which
Vol(e(vplFo(vy)). A, 8) = F. Teke for example A = {a, b}, R = {(a, b), (b, 8)},

f(0)=b, f(b) =0, a=¢b,b,b,..>. ThenforallxeA, R(f(x),x)is true,
and hence Val(v v, P(Fy(vy), v), A, a) = T . But R(1(b), 1(b)) is false, and

S0 Vol(P(FO(v|), Fo(v‘)), A, 8) = F. Hence
vel((v vy P(Fglvy), Vi) F(Fglvy), Folvi)), A, 8) = F, that is,
Val(elvolFolvy)). A a) = F. So #(vlF(ve)) is not valid.

4  Suppose thet Z|-(p&y). Then:
(1) I|-(0&y) by assumption;
(2) z|-((¢&y)==4¢) from tautology ((pg & py) = pg);

(3) Z|-¢ by end 2, and Modus Ponens.

Similerly £|-y, using the tautology ((pg & py)=>py).

Suppose thet Z|-¢ end Z|-y . Then:

(1) Z-4 by assumption.

(2) x|-y by essumption.

(3) I@=(y=@&y)) from teutology (pg=(py=>(py& py)).

(4) Zi-(y=(¢&y)) by ! and3, end Modus Ponens.
(S) I=>@&y) by2esnd 4, and Modus Ponens.

Similarly Zi-(¢ vy), using the tautology (py = (py v py)).



g Here = (V Vo YV ¥} Each step of the proofs is given

(1) ¥vg Vv, lsaformulainz,

(2i (vvyv Vi¢ = Vv ¢ 1saformulainA2 since (Vv ¢)vylvg)
1S Just vv ¢, end v(; 1S substitutable for vy in v Vi¢,

(3) vv,¢ by(l)end(2), and Modus Ponens
(8) We continue the proof from (1) - (3) above

(4 (v vi¢ =4¢) 1saformulain A2, since ¢lvglvg)ise, andvg is
substitutable tor v ing

(S) ¢ by (3 and (4), and Modus Ponens;
(6) Vv vgd by(S), and Generalisation;

(7) vvyvvge by(6), end Generalisation.
Hence, formulae (1) - (7) meke up the required proof.

{b) We agein continue from (1) - (3) above

(8) (vvy¢ = &vlvg)) 1seformulain AZ, provided thet v is
substitutable for vy in ¢,

(9)  ¢lvylvg) by (3) and (), and Modus Ponens,

(10} v vgelvylvyi by (9), end Generalisation

Hence, formulae (1) - (3) end (8) - (10) meke up the required proof



