A¥YRLLM JJUY

(Mathematical Logic)

R 2™ Tutorial Solutions

o) vglol =172, (1) Colal=1/3.
(i) Folv il = 1olvilal = 15(3) = -
(V) FiEpial = 14(Colal) = 1,(1/3) = 1/(1/3) = 3.
(v) Fly) Folyalal) = 15(v lal, Folvolle)) = (5(3, Totvolal))
= 133, To(1/d)) = 3(~1/4) = -3/4.
(vi) F(Fo(F (v,),Cq), F I(Vo))lgl = [(F,(F |(V|), Co)[ﬂ], F I(V(,)IEJ)
= {5{1,(F (v )dal, Cylal), Fy(vglal))
= 130100 (v lal), cg), T {{vglal)
= [4005(0(3), 1/3), £1€1/2)) = 13((1/3) +(1/3), 2)
=(2/2)3 = 4/3.

2 (i) vglal= 111 (i) Cgylal=010.
(141 Ty la) = 0001 . (ly) 1,(010) = 10.
(v) 13{vlal, fo(vola)) = 15(001, 010) = 001.
(Vi) T5U0,00 (v yla)), cq), T {vglald) = 15(f,(1(001),010), 1 (111)
= 13(1,(01,010), 11) = (3(01010, 11) = 01010,

3 () Vellg, A, 0)=T iff vylal>vla]l 111357 soVai(y, A, 8)=F,
(ii) vellt, A, 8) =T iffvyla) = vylal 113 =1 soValls, A, 8):F.
(1if) Val(s, A, 8) is found from Val(P(vy, v{), A, 8), Val(P(v|, v,), A, 8)
and Yol(P(vg, v5), A, 8) by lrulh Lebles. As in 3(1), these ore F, T, T

respeclively. Hence Val(y, A, 3) will be the truth value of ((F& T) = T),
that is, of (F = T), whichis 7. So Val(s, A, 8)=T.
(Iv) Vally, A, 8) =T 1ff for some x e N, Val(P(vy, v), 4, 8(0x)) = T

Hf for sorme xe N, x> 7. This is true, so Vol(y, A, 0) =T,
{v) Vellh, A, ) =T iff for ell x e N, V8I(P(vg, v{), A, 8(0IX) = T

iff foroll x =N, x> 7. Thisisfalse, so Val(¢, A, 0) = F.

4 () VYells,

A,
nel Lrue, Yal(s, A, o
(ii) Vval{p, A, 9

1 (vglal, vla]) e R 11 (8, ) e R. Since this is

nr volal:vzlal if{ 8-a SaVvel{s, A, a)-
is found from Vol(P(vg, vi), A, 0), VoI(P(v',vQ) A 8)

snd Val(P(v,, v 2), _fg, 8) by truth tables. As in 4(1), Vat(P(vo, v ), A, 8)=F,

Yal(P(vy, vo), A, 8} =T cince (c, 8) e R, and Vel (P(vqy, Vo), A, 8) =T since
(e, 8) # R. Hence Vallt, A, 8) is Uhe truth value of ((F & T) = F), which is T.



(iv) valld, A, 8) = T iff for some x € A, Yal(P{vg, v¢), A, a{0lx) = T

iff for some x e A, {x, c) « R. This is true since {c, c) « R, so Val{}, A, 8)=T.
(v) Vel(s, A 8)=T iff forall x e A, Vol(F(vy, v{), A, 8(0IK)) = T iff

for ell x e A, {x, c) e R. This is false since, for exsmple, (8, ¢} ¢ R. Hence
Vol(4, A, 0) = F,

S Foreachpert, tet 5=({(a,, 3,) e NxNIVel(4, A 8)=T)

(i) Val(p, A, 0) =T i1 Folvy, vollal 2 Colal iff 8y x 8521 itf a2l
and 8, 2 1. Thus S = {(ay, 85) [ 8,2 18nd s, 2 | )

(11) Vel(y, A, 8) =T iff (a2 8, implies thal 8,2 8,) is true. When

does this hold ? .
(8) 10y 20, is frwe hen we must also heve 8, 28y Llrue,

end hence 8¢ = 8.
(b) 108y 28, IS /a/<a then the implication is lrue. Now 8,2 8,
is false precisely when & <o, . Hence
S= {(é|,02)|al =0, Or 8) ¢85} = (o, 0,)la 58,1
(111) Vel(s, A, 8) = T §ff there is an x e N such that
VaI(P(C, Flvy, v,)), A, 8(21%)) = T = Vel(3 v, ~P(v|,v,), A, 8(2Ix)) = T. When

does (his hold ?
(8) V8I(P(C, Flvy, vo) A 8(21xD) =T #1128y x x, since

a(2ix) = {0, 8y,%83,..).

(b} Vel(3v ~Plvy, vp), A, 8(2Ix)) = T i1 there is y e N such that
Val(~Pvy, v,), A, 8(20x)(1ly)) = T irf there isy e N wilhy j % {since
a(2Ix)1ly) =<8y, y. %, 83, .. > ) 1T therefsye Nwithycx Hfx2 ¢,

Hence Val(p, A, 8) = T iff there Is x e N such that 1208, xx endx: I,
iffe,=00r1 Thus S={{ay,8y)l6,=00r8;=1, 0, arbitrary). B
(iv) Vai(h, A, 8) = T 41 VaIP(C, v}), A, 8) = Tang Val(~(v, =C), A, 0)=T
and Val(3vylv, =Flvg, vo)), A, 8) = T. When does this hold ?
(8) Val(F{(C,vy), A 0)=T i1f hra,.
(b) Val(~(v,=C), A, 8) =T ilfay 1.
(c) Val(3vglvy=Flvg, vg)), A, 8) =T Iff therets x = N with
Vu!(vz = (v, vo), A, oO|x)) = T iff there is xe N wilh oy = xxx.
Thus Val{4, A, p__) =T i 8y = 0 snd 8, = x2 for some x € N, sn
S={(sy, 8,) 8y =0 8nd o, Is aperfect squere ).



6 !neaschpart, lel 4 be lhe (supposedly) valid formula and ¢, the

non-vaiid gne.
(i) Tochow y is valid, take any structure A = (AR, . >and assignmer

Afrom A. We need Lo show that Val(éy, A, 8) = T. Now ¢, is an implicati
Hence If ¥al(¥ vg Pylvg, vg), A, 8) = F, then Vai(éy, A, 8) = T. So we nee
only check when Yal{y vo Pol¥g. vo). A  a) =T to see whether

Val(3 vy Pylvg, vg), A, 8) = T. So we have for ail x « A, R(x, ¥) is true.

Then for some (any ane) x & A, R(x, x) is true (since A is non-emply by Lh
definition of stmicture), and so Val(3 vo Polvg. ¥o), A, 8) = T. Thus for

Bvary Aend s, Val(p,, A 8) =T, s0 ¢y is valid.
To show that s, is zo¢ valid, we need Lo find just one A = A, R, -
and assignment 3 with Yalleo, A, 3) = F. For example, let A = (a, bl, let a

be any assignment irom this A, and let R = {(s,8)). Then there is x A
(namely x = 3) with R(x, x lrue, so Vai(3 vo Polvg. ¥g). A 2) = T. But ther

IS X « A (namely x = b} wilh R(x,x) false, so Val(y vo Polvg. Vo). A, 8) = F.
Hence Val(iz, A 3)=F, co - is not velid.

(i) To show 4 volid, take amy structure A = (A, R, ...}und assignment s,
3s in (i) above. Again % is an impliculion, S0 yre need check only yhen
Val@ vy Yo Polvg. v1), A, 8) = T,whether Vai(y v v Plvg, vy), A 8)=T.
Since Yal(3 RAS Po(vo, vi). 4, 8) =T, there is %y & A for which

Val(y vq Potvo, x1), A, 0)=T. (HOTE: ¥ vo Polvg. X() is not a formula, but

s used as convenient shurthand inslead of spelling everything out as in
the selution ta S(iii) above.) So there is Xy € A for which everyy e A

gives R(y, x,) true. Bul then for everyy e A there is x = A for which

R(y, x) is true (since x = Xy is one possibie chaice). Thus for every y s A,
Val(3v, Poly. vi), A, ) = T, and hence Vai(y vo IV Polvg, v(), A 08)=T,
os required. Thus Val(e,, A, 8) = T for every A and 3, s0 ¢ is valid.

To show thal 4, is af valid, we again need an exaihple of Aendp
With V3l(¢,, A, 8) =F. For example, take A = (o, b}, 8 any assignment from
this A, and R = {(a, b), (b, a)}. Then vai(¥ Vo3V Polvg. v 1), A 0) =T, but
Voiidv, v ¥o Plvg, vi), A, 1) = F. Hence Velleo, A, 8) = F and ¢, is not valid.
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